様相述語論理のKripke bundle semanticsに関する不完全性(非古典論理とそのKripke意味論に関する諸問題) by 磯田, 恵以子
Title様相述語論理のKripke bundle semanticsに関する不完全性(非古典論理とそのKripke意味論に関する諸問題)
Author(s)磯田, 恵以子











Kripke bundle [3] $\mathrm{C}$-set semantics [1][2]
Kripke semantics
[1] Q-S4.1 Kripke semantics





927 1995 16-31 16
$n$ $P_{j}^{n}$ , $Q_{j}^{n},$ $\cdots$ ($n\geq 0,j$ \geq O) $x_{0}$ , xl, $\cdot$ ..
$\vee(0\Gamma),$ $\wedge(\mathrm{a}\mathrm{n}\mathrm{d}),$ $\neg(\mathrm{n}\mathrm{o}\mathrm{t}),$ $arrow(\mathrm{i}\mathrm{f}..\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}),$




1 Kripke bundle semantics C-set semantics
Kripke semantics V. B. Sheht-
man and D. P. Skvortsov [3] Kripke bundle semantics
S. Ghilardi [1] $\mathrm{C}$ -set semantics
1.1 (Kripke bundle semantics) $\mathrm{D}=\langle D, \rho\rangle$ $\mathrm{W}=$
$\langle W, R\rangle$ $D$ $W$ $\pi$ 3 $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ Kripke bundle
1. $a,$ $b\in D$ $a\rho b$ $\pi(a)R\pi(b)$
2. $a\in D,$ $w\in W$ $\pi(a)Rw$ $a\rho b,$ $\pi(b)=w$
$b\in D$
$U$ $\mathcal{L}$ ]$U$] $\mathcal{L}$ $u\in U$ $\overline{u}$
$\mathcal{L}[\pi^{-1}(w)]$ $A$ $wRw’$ $w’\in$
$W$ $A$ $w’$ inheritor $A$ $\overline{u}(u\in\pi^{-1}(w))$
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occurrences $v\in\pi^{-1}(w’),$ $u\rho v$ $\overline{v}$
$\overline{u}$ occurrences $\overline{v}$
$?_{\vee}\mathit{0}\in W$ $\mathcal{L}[\pi^{-1}(w)]$ 2 $|=$ Kripke bundle
$\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ valuation $w\in W$ $\mathcal{L}[\pi^{-1}(w)]$
2
$w|=A\wedge B\Leftrightarrow w|=A$ $w|=B$
$w|=A\vee B\Leftrightarrow w|=A$ $w|=B$
$w|=\neg A\Leftrightarrow w\models A$
$w\models Aarrow B\Leftrightarrow w\models A$ $w\vdash-B$
$w\models\exists x_{i}A(x_{i})\Leftrightarrow w\vdash-A(\overline{u})$ $u\in\pi^{-1}(w)$
$w\models\forall x_{i}A(X_{i})$ $\Leftrightarrow$ $u\in\pi^{-1}(w)$ $w\models A(\overline{u})$
$w\models\square A\Leftrightarrow wRw’$ $w’\in W$ $A$ $w’$
inheritor $A’$
$w’|=A’$
$\mathcal{L}$ $A$ Kripke bundle $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ valid $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$
valuation $\models$ $w\in W$ $w|=\overline{A}$
$A$ universal closure $\mathit{0}$ $L$
$A$ Kripke bundle $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ strongly valid $A$
valid $L$ Kripke bun-
dle $\langle \mathrm{D},\mathrm{W}, \pi\rangle$ $L$ Kripke bundle $L$ theorem
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$\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ strongly valid
1.2 Q-S4
Kripke bundle strongly valid
1.3 (C-set semantics) (small) category $\mathrm{C}$ C-set
functor $X$ : $\mathrm{C}arrow \mathrm{S}\mathrm{e}\mathrm{t}$ ‘ $\mathrm{C}$ -set $X$ C-subset $P$ $C$
object $P_{\alpha}\subseteq X(\alpha)$ (small)
category $C$ $\mathrm{C}$ -objects $\alpha$ $X(\alpha)\neq\emptyset$ C-
set $X$ $P_{j}^{n}$ product $C$ -set $X^{n}$ C-subset $I(P_{j}^{n})$
$I$ 3 $\langle \mathrm{C}, X, I\rangle$ $(\mathrm{C}-)mode\iota$




$a\in X(\alpha)$ $\mu_{i}^{a}$ $i$ $a$ $\mu$
$\alpha$ -assignment $\mu$ $\alpha.$-assignment
$k:\alphaarrow\beta$ $C$ arrow $k\mu$ $(k\mu)(i)=^{x()}k(\mu(i))$
$\beta$-assignment
model $\mathcal{M}=\langle \mathrm{C}, X, I\rangle_{\text{ }}\alpha$-assignment\mu $A$ $A$
$\alpha$ -assignment $\mu$ $\alpha$ ( $\mu\models_{\alpha}A$ )










$\mu\models_{\alpha}\forall x_{i}A\Leftrightarrow$ $a\in X(\alpha)$
$\mu_{i}^{a}|=_{\alpha}A$
$\mu\models_{\alpha}\square A\Leftrightarrow$ $\beta$ $k$ : $\alphaarrow\beta$
$k\mu|=_{\beta}A$
$a_{1},$ $\cdots,$ $a_{n}\in X(\alpha)$ $L$ $X(\alpha)$ $\mathcal{L}_{\alpha}$
‘ $\models_{\alpha}A$ ( $a_{1},$ $\cdots,$ an) ‘ $\mu(i_{1})=a1,$ $\cdots,$ $\mu(i_{n})=an$
$\mu$
$\mu\models_{\alpha}A$
model $\mathcal{M}=\langle \mathrm{C}, X, I\rangle$ $A$ $\alpha$ -assignment
$\mu$ $\mu\models_{\alpha}A$ $|=_{\alpha}A$ object $\alpha$
$\models_{a},$ $A$ $\mathcal{M}|=A$ $\mathrm{C}$ -set $X$ $A$
$I$ $\langle C, X, I\rangle\models A$ $\langle C, X\rangle|=A$ $A$ $\langle \mathrm{C}, X\rangle$
valid category $C$ $A$
$C$ -set $X$ $\langle C, X\rangle\models A$ $\mathrm{C}^{\wedge}\models A$ $\mathcal{L}$
$A$ $C$.-set strongly valid C-set
valid $L$ $L$ $\mathrm{C}$ -set $L$
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theorems $\mathrm{C}$ -set strongly valid
1.4 Q-S4
C-set strongly valid
2 Q-S4.1 Kripke bundle semantics
Kripke bundle $A(c)$ $w$ $A(a)$ inheritor
$A(d)$ $w$ $A(b)$ inheritor $B(c, d)$ $w$ $B(a, b)$
inheritor C-set $a$ $c$ arrow





valid $C$-set strongly valid
2.1 Kripke bundle $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ $\square \phi parrow\phi\square p$ strongly
valid
$\phi\forall x\forall y[\square P_{1}^{2}(x,y)\wedge\neg P^{1}1(X)\wedge P_{1}1(y)\wedge\phi\neg P_{1}^{1}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
strongly valid
2.2 category $C$ object 1 $\alpha$ arrow $1_{\alpha}$ (identity ar-
row) $f(f\mathrm{o}f=f)$ $\mathrm{C}$ -set $X$ $X(\alpha)=$
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$\{a_{\backslash }, b., C\},$ $X(1_{\alpha})=id_{\{a,b,\mathrm{C}\}},$ $X(f)=h(h(a)=h(b)=h(c)=c)$
$\langle C,X\rangle$ $\square \phi parrow\phi\square p$ strongly valid
$\phi\forall x\forall y[\square P_{1}^{2}(x,y)\wedge\neg P_{1}^{1}(x)\wedge P_{1}^{1}(y)\wedge\phi\neg P_{1}^{1}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
valid
S4.1 $S\mathit{4}$
\Phi p\rightarrow \theta $\square$p.
$L$ Kripke bundle semantics
$L$ $A$ $A$ strongly valid
$L$ Kripke bundle
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$\phi\forall x\forall y[\square P_{1}^{2}(x, y)\wedge\neg P_{1}^{1}(x)\wedge P_{1}^{1}(y)\wedge\phi\neg P_{1}^{1}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
Q-S4.1 2.1 Q-S4.1 Kripke
bundle strongly valid
Q-S4.1 Kripke bundle semantics
[1]
22
2.3 $(a)$ . $T$ 2.2 C-set strongly valid
$L$ $Q- S\mathit{4}\cdot \mathit{1}\subseteq L\subseteq Q- S\mathit{4}\cdot \mathit{1}+\tau$
$L$ Kripke bundle semantics
$(b)$ . S4.1 $\phi parrow P$ $L$
Q-L Kripke bundle semantics
3 Kripke bundle semantics
[2] Kripke
semantics Kripke bundle semantics
3.1 ([2]) 2 $\langle P, \leq\rangle$ $\langle Q, \leq\rangle$
$\mu$
$\alpha_{1},$
$\alpha_{2}\in P,$ $\mu(\alpha_{1})\leq\mu(\alpha_{2})$ $\Rightarrow$ $\alpha_{1}\leq\alpha_{2}$
$P$ $Q$ $P$ $Q$
$P$ $Q$
$\alpha\in Q$ $P$ $\uparrow\alpha(=\{\beta\in Q|\alpha\leq\beta\})$
3.2 ( $[2]\rangle$ category $\mathrm{C}$ object $\alpha$ $\alpha$ domain
arrow
$k_{1}$ $\leq$ $k_{2}$ $\Leftrightarrow$ $l\mathrm{o}k_{12}=k$ arrow $l$
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(C) disjoint union $\Sigma_{\alpha\in C_{0}}F_{\alpha}(C)$
$F(C)$
3.3 ([2]) $\mathrm{M}_{\infty}^{n}$ $\{1, \cdots, n\}$
$\{1., \cdots, n\}$ $*$ $\mathcal{E}$
$F(\mathrm{M}_{\infty}^{n})$ $n$ $\mathrm{T}_{\infty}^{n}$
$\mathrm{M}_{m}^{n}$ $\{1, \cdots, n\}$ $m$
(2 $m$ ) $\mathcal{E}$
$F(\mathrm{M}_{m}^{n})$ $\mathrm{T}_{\infty}^{n}$ $m$
$\mathrm{T}_{m}^{n}$
3.4 ([2]) $A$ small category $\mathrm{C}$
$F(\mathrm{C})\models S\mathit{4}.A$ $\Leftrightarrow$ $C^{\wedge}|=Q- S\mathit{4}$$.A$ .
$L$
$\mathcal{F}(C)\models L$ $\Leftrightarrow$ $\mathrm{C}^{\wedge}|=Q-L$ .
3.5 $L$ $L\forall\phi parrow\square \phi p$
Q-L Kripke bundle semantics $\mathrm{T}_{\infty}^{1}$
$L$ Kripke frame
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. $L$ }$f\phi parrow\square \phi p$ $\mathrm{T}_{1}^{1}|=L$ ([2]) 34
$(\mathrm{M}_{1}^{1})^{\wedge}\models Q- L$ $\mathrm{o}\mathrm{M}_{1}^{1}$ -setX interpretation $I$
$X(\mathrm{M}_{1}^{1})=\{a, b, C\}$
$x(\epsilon)=id_{\{b,\}}a,c$ $X(1)=f(f(a)=f(b)=f(C)=C)$
$I(P_{1}^{2})=\{\langle a, b\rangle, \langle c, c\rangle\}$ $I(P_{1}^{1})=\{\langle b\rangle\}$ .
$\models\square P_{1}^{2}(a, b)$ $|=\square \neg P^{1}(1C)$ $f$ $\models\phi\square \neg P_{1}^{1}(b)$
$\models\square P_{1}^{2}(a, b)\wedge\neg P1(1a)\wedge P^{1}1(b)\wedge\theta\square \neg P_{1}1(b)$
$\models\neg P_{1}^{1}(u)$ $u\neq b$ $I$ $|\not\simeq P_{1}^{2}(a, u)$
$\#\exists u\{\neg P^{1}1(u)\wedge P^{2}1(a, u)\}$
$\#$ $\square P_{1}^{2}(a, b)\wedge\neg P1(1a)\wedge P^{1}1(b)\wedge\theta\square \neg P_{1}1(b)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(a, u)\}$
$\#$ $\forall x\forall y[\square P_{1}^{2}(x, y)\wedge\neg P_{1}1(X)\wedge P^{1}1(y)\wedge\phi\coprod\neg P_{1}^{1}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
category $\mathrm{M}_{1}^{1}$ object
1
$\#$ $\theta\forall x\forall y[$ $\square P^{2}1(x,y)\wedge\neg P^{1}1(X)\wedge P_{1}1(y)\wedge\phi\square \neg P_{1}^{1}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
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$(\mathrm{M}_{1}^{1})^{\wedge}\models \mathrm{Q}- \mathrm{L}$
Q-L $\#$ $\theta\forall x\forall y[\coprod P^{2}(1x, y)\wedge\neg P_{1}^{1}(x)\wedge P_{1}^{1}(y)\wedge\theta^{\coprod_{\neg P_{1}^{1}}}(y)$
$arrow\exists u\{\neg P_{1}^{1}(u)\wedge P_{1}^{2}(x, u)\}]$
Q-L Kripke bundle semantics
valuation $\models_{\text{ }}$ $P,$ $A_{\text{ }}$ $w\in W_{\text{ }}\pi^{-1}(w)$
$w\#$ $\theta\forall x\forall y[\square P(_{X}, y,s)arrow\wedge\neg A(X,\mathit{8}arrow)$
$\wedge A(y,s)arrow\phi\square \wedge\neg A(y,s)arrow$
$arrow\exists u\{\neg A(u, arrow s)\wedge P(x, u,sarrow)\}]$
Q-L Kripke bundle $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$
$\models Q(a, b)$ $\Leftrightarrow$ $\models Q(a, b)\wedge(R(c)arrow R(c))$
$arrow s$ $P$ $A$
Kripke frame $\langle W’, R;\rangle$
$W’=$ { $\langle v,t\ranglearrow|wRv,$ $v\in W,$ $arrow t$ $arrow s$ $v$ inheritor}
$\langle v,t\rangle R’arrow\langle v’,t^{l}\ranglearrow$
$\Leftrightarrow$ $vRv’$ $arrow t’$ $arrow t$ $v’$ inheritor
$L$ Kripke frame $\langle W’, R’\rangle$












$\langle v’,t\ranglearrow \text{ }\models’C$ .
$v\#\prime\prime B(P_{j}(t)arrow/pj)$ $\langle \mathrm{D}, \mathrm{W}, \pi\rangle$ $L$ Kripke bundle
$W’$ $\langle v,t\ranglearrow\in W’$
$v\models\square P(a, b,t)arrow$ $v\models\neg A(a,t)arrow$ $v\models A(b,t)arrow$
$v\models\phi$ \neg A $(b,t)arrow$ $v|\neq\exists u\{\neg A(u,tarrow)\wedge P(a, u,tarrow)\}$
$a,$ $b\in\pi^{-1}(v)$
$\langle v,t\rangle<arrow\langle v’,t’arrow\rangle$
i.e. $\langle v,t\rangle R’\langle v^{l},t’arrowarrow\rangle$ ( $\langle v’,t’\rangle Rt\langle v,t\ranglearrowarrow$ )
$\langle v’,t’\ranglearrow\in W’\text{ _{ } _{ }\ddot{\text{ }}}$ $v\models\theta^{\Pi_{\neg}}A(b,tarrow)$
$\langle v,t\rangle R’\langle v^{t},t’\ranglearrowarrow$ , $\langle v’,t’\rangle R’\langle varrow, arrow t\rangle,$ $v’\models\square \neg A(b’,t’)arrow$
$A(b,t)arrow$ $v’$ inheritor $A(b’,t’)arrow$ $\langle v’,t’\ranglearrow\in W’$
$A(b’,t’arrow)$ inheritor $A(c,t)arrow$ $v|=\neg A(c,t)arrow$
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$b\inarrow t$ $b=c$ $v\models A(b,t)arrow$
$v\models\neg A(c,t)arrow$ $b\not\inarrow t$ $v|=A(b,t)arrow$ $v\models$
$\neg A(a,tarrow)$ $a\neq b$ $P(a, c,t)arrow$ $P(a, b,t)arrow$ inheritor
$v|=\square P(a, b,t)arrow$ $v|=P(a, C,tarrow)$
$v\#\exists u\{\neg A(u,tarrow)\wedge P(a, u,tarrow)\}$
$\langle v.t\ranglearrow\in W’$
$\langle v,t\rangle<\langle v^{\prime l}t\ranglearrow,arrow$
$\langle v’,t’\ranglearrow\in W’$ $W’$ $\mathrm{T}_{\infty}^{1}$ $L$
frame $\blacksquare$
3.6 $L$ $L\forall\phi\square parrow\square \phi p$
Q-L Kripke bundle semantics $\mathrm{T}_{\infty}^{2}$
$L$ Kripke frame
.
$\phi\forall x\forall y[\square P^{2}(1x,y)\wedge\theta(\square P^{1}(1x)\wedge\square \neg P_{1}^{1}(y))$
$\wedge\theta(\square \neg P_{1}^{1}(x)\wedge\coprod P_{1}^{1}(y))$
$arrow\phi\exists u\exists u’(P_{1}^{1}(u)\wedge P_{1}^{1}(u^{;})\wedge P_{1}^{2}(u, u’))]$ .
Q-L $\blacksquare$
3.7 $L$ $L\vdash\phi\square parrow\square \phi p$ $L$ If $\square (\square p_{1}arrow$
$p_{2})\vee\square (\Pi p2arrow p_{1})$ Q-L Kripke bundle se-
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maniics $n\geq 1$ $\mathrm{T}_{n}^{2}$
$L$ Kripke frame
. $n\geq 1$ 1 $P_{1}^{1}$ , $P_{2}^{1},$ $P_{3^{\text{ }}^{}1}$ $2$ $P_{1}^{2}$




$F_{\iota:}=\forall x_{m}\forall y_{m}[\coprod P^{2}1(xm’ y_{m})\wedge\phi(\coprod P^{1}1(X)m\wedge\neg F_{v*2})$
$\wedge\theta(\square P_{2}^{1}(_{X}m)\wedge\neg Fv*1)\wedge P^{1}(3Xm)\wedge\neg P1(3ym)$
$arrow\theta\exists u\exists u’\{\coprod P_{1}^{1}(u)\wedge\square P^{1}(2u^{t})$
$\wedge(\neg\square P_{2}1(u)\neg\square P_{1}^{1}(u’))\wedge P_{1}^{2}(u, y_{m})\wedge P_{1}^{2}(u’,y_{m})\}]$
Q-L $\blacksquare$
3.8 $L$ $L\forall\phi parrow\square \phi p$
Q-L Kripke bundle semantics $L\subseteq S\mathit{4}.\mathit{3}$
.
$G_{n}$ : $[ \bigwedge_{i<j}\square (F_{i}arrow\phi F_{j})]\wedge[\bigwedge_{i>j}\square (Fiarrow\neg\phi F_{j})]$
$\wedge[\wedge\square \neg(Fi\wedge F_{j})i\neq j]\wedge[\square \mathrm{v}_{i}F_{i}]$
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$\wedge[\bigwedge_{i}\square \{F_{i}arrow\exists x\exists y\{\square P2(ix, y)\wedge\neg P_{i}(x)\wedge P_{i}(y)$
$\wedge\phi(F_{i}\wedge\coprod_{\neg}P_{i}(y))\wedge\neg\exists u(\neg P_{i}(u)\wedge P_{i}^{2}(x,u))\}\}]$
$arrow\neg\phi F_{1}$
Q-L
$P_{1},$ $\cdots$ , $P_{n}$ 1 $P_{1}^{2},$ $\cdots,$ $P_{n}^{2}$
$\exists x_{i}P_{i(}x_{i}$) $\blacksquare$
3.9 $L$ $L\forall\phi parrow\square \phi p$ finite
connected frame $L$ theorem valid
Q-L Kripke bundle semantics
[1] S. Ghilardi, Presheaf semantics and independence results for some
non-classical first-order logics, Archive for Mathematical Logic
29 (1989), pp. 125 - 136.
[2] S. Ghilardi, Incompleteness results in Kripke semantics, Journal of
Symbolic Logic 56 (1991), pp. 517-538.
[3] $\mathrm{V}.\mathrm{B}$ . Shehtman and $\mathrm{D}.\mathrm{P}$ . Skvortsov, Semantics of non-classical first
order predicate logics, in P.Petkov,ed., Mathematical Logic, Plenum
Press, New York, 1990, pp. 105 - 116.
30
[4] $\mathrm{D}.\mathrm{P}$ . Skvortsov, Some incompleteness results for predicate versions
of propositional logics, Manuscript, 1991.
[5] T. Shimura, Kripke bundle incompleteness of super-intuitionistic pred-
icate logic.
[6] N.-Y. Suzuki, Kripke bundles for intermediate predicate logics and
Krike frames for intuitionistic modal logics, Studia Logica, 49(1990),
pp.289-306.
[7] N.-Y. Suzuki, Some results on the Kripke sheaf semantics for super-
intuitionistic predicate logics, Studia Logica, 52(1993), pp.73-94.
31
